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The presence in a laminate of plies oriented at 90 with respect to the preferred direction of load generates almost imme-
diately the appearance in these plies of cracks transverse to the load (parallel to the ﬁbres in the lamina). These cracks reach
the interface with the neighbouring ply, which in this paper will be considered oriented 0 with respect to the direction of
the load. This may cause the bifurcation of the crack, which now appears propagating as a delamination crack between the
two plies. The objective of this study is to characterize the stress state at the tip of both, the transverse crack in the 90 ply
reaching the interface with the 0 ply, and the delamination crack for diﬀerent lengths of the debonding. The analysis is
performed by means of the Boundary Element Method allowing contact, without or with friction, to take place between
the faces of the crack. The plies are considered as equivalent homogeneous bodies under a generalized plane strain state.
The results are compared with those predicted by the open and contact models of Interfacial Fracture Mechanics. Accurate
knowledge of the stress state at the neighbourhood of the tips of the cracks studied is necessary to generate failure criteria
based on Fracture Mechanics parameters to predict the appearance and growth of the type of damage described.
 2007 Elsevier Ltd. All rights reserved.
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1.1. The delamination problem in composite laminates
The availability of reliable methods for predicting the failure of composite materials is perhaps one of the
most important requirements when designing composite components and structures. The structural analysis of
composite components often involves the use of Finite Element Method (FEM) in order to take into account
the complex geometries and material anisotropies that are encountered in practice. The failure of structures is0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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mented for composite materials in commercial FEM codes. However, many of these criteria do not have a
physical basis that can be related to the microstructure of composite materials. In particular, they do not take
into account the fact that prior to catastrophic failure composite materials are subjected to progressive micro-
structural damage in the form of ply cracking, delamination, ﬁbre fracture and ﬁbre/matrix debonding. The
failure criteria (mainly stress based) are applied to stress ﬁelds that are estimated on the assumption that the
material is undamaged. Thus, load transfer in structures arising from strain softening induced by localized
damage associated with stress concentrations is not taken into account. This phenomenon is largely respon-
sible for composite materials out-performing expectations, which are based on zero-damage calculations. The
use of failure models that account for damage induced strain softening will lead to more eﬃcient designs.
Future progress is likely to be possible only if steps are taken to establish the prediction of laminate failure
on the micro-mechanisms of damage that occur before the catastrophic failure event. As mentioned above, the
damage modes that are likely to be important are ﬁbre/matrix debonding, ﬁbre fracture, ply cracking and
delamination. In the present work, one of the above mentioned damage mechanisms, namely delamination
between plies in laminates having 0/90 plies, is studied.
Although in general laminates include plies predominantly oriented 0 with respect to the dominant load
direction, it is necessary to include some plies oriented 90 so that the composite has strength in the transverse
direction. Consequently in a laminate of this kind there are adjacent plies oriented 90 to each other. The pres-
ence in a laminate of plies oriented 90 with respect to the preferred direction of load generates almost imme-
diately the appearance of microcracks transverse to the load (parallel to ﬁbres in the lamina). A coalescence of
these microcracks leads to the appearance of a transverse macrocrack that is stopped when it reaches the inter-
face with a 0 ply due to the presence of ﬁbres perpendicular to this crack. This may originate single or double
deﬂection of the crack, which now appears propagating as a delamination crack. These phenomena have
recently been comprehensively reviewed by Berthelot (2003), where many relevant contributions to the under-
standing of diﬀerent aspects of the above damage mechanisms can be found.
1.2. Fracture Mechanics fundamentals of the delamination problem
The singular stress states that appear at the neighbourhood of the tip of these transverse cracks terminating
at the interface and of the delamination cracks and the mechanisms of their further progression are very com-
plex and have attracted the attention of a large number of authors.
First, with reference to a crack terminating at the interface, the singular stress state at the neighbourhood of
the crack tip has been characterized for isotropic bi-materials by Zak and Williams (1963), Bogy (1971), Cook
and Erdogan (1972) and others, and for orthotropic or anisotropic bi-materials by Ting and Hoang (1984),
Sung and Liou (1996), Chen and Harada (1996) and others. This singular stress state, and in particular its
singularity order, whether it is higher (strong singularity) or lower (weak singularity) than the singularity
of an ordinary crack in a homogeneous material, plays a key role in characterizing both the ﬁnal growth stage
of a crack propagating toward an interface and the initial stage of a crack deﬂected at the interface and grow-
ing along it. This problem has been recognized and studied by many authors in the past, e.g. Bogy (1971), Lu
and Erdogan (1983), He and Hutchinson (1989), Gupta et al. (1992), Wu and Erdogan (1993), Martinez and
Gupta (1994), Leguillon et al. (2000), Martin et al. (2001). Still under extensive study nevertheless is the char-
acterization in a simple way of the inﬂuence of the bi-material parameters on the singularity of a crack per-
pendicular to and terminating at the interface between orthotropic materials, e.g. Chen and Harada (1996),
and on the actual mechanism of growth of a crack approaching and deﬂecting at the interface, e.g. Martin
and Leguillon (2004).
Second, with reference to an interface crack subjected to a relevant shear far-ﬁeld loading, which is the case
of the delamination crack in the present study, two classical models of the Interfacial Fracture Mechanics (for
a recent review see Manticˇ et al., 2006) contribute to understanding and characterizing its mechanism of
growth.
The open model (Williams, 1959), assuming traction-free interface-crack faces, provides two asymptotic
singular terms governed by two components of the Stress Intensity Factor (SIF), then being able to represent
a fracture mode mixity at the crack tip which is relevant for its further growth predictions. Nevertheless, this
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faces at the crack tip predicted and its application is only justiﬁed when the zone of interpenetrations is rel-
atively small in comparison with the smallest characteristic length of the problem, e.g. crack size or thickness
of the adjacent layer, Rice (1988). Starting from the work by Ting (1986), two diﬀerent approaches to gener-
alize the open model to general anisotropic bi-materials were developed by Suo (1990) and Wu (1990), see Wu
(1991a,b) and Hwu (1993) for a discussion of relations between these two approaches.
The (frictionless) contact model (Comninou, 1977), assuming the existence of a near-tip contact zone, pro-
vides an asymptotic singular term governed by one SIF. This fact implies an intrinsically allowed near-tip slip
direction which is deﬁned by the relative stiﬀnesses of the bi-material, characterized for general anisotropic bi-
materials by the generalized Dundurs parameter b (Ting, 1986), and is independent of the far-ﬁeld loading.
Depending on the direction of the far-ﬁeld shear load, agreeing or not with this allowable near-tip slip direc-
tion, a large contact zone adjacent to the crack tip or an opening, called ‘‘bubble’’, appears at the crack tip,
Comninou and Schmueser (1979), Gautesen and Dundurs (1988), Leguillon (1999) and Audoly (2000). In fact
an extremely small near-tip contact zone is predicted by the contact model solution in the latter case, i.e. at the
side where the bubble appears. Naturally these completely diﬀerent morphologies of the deformation at the
interface crack tip have fundamental consequences on the growth of such a crack. Note that in the presence
of a ‘‘bubble’’ at the crack tip, one singular asymptotic term of the contact model solution is not able to char-
acterize the fracture mode mixity at the crack tip. Thus, this model is not suitable for crack growth predictions
and the open model should be used in such cases.
1.3. Some previous works
In the literature, see Berthelot (2003) for a review, analytical solutions for the problem deﬁned above, are
based on simplifying assumptions regarding the elastic solution distribution through the thickness and/or
along the laminates and regarding the behaviour of the debonded surfaces at the 0/90 interface. Often the sur-
faces are regarded as fully closed (though they are not, as shown in the paper) and friction-free.
There have nevertheless been published several papers that have studied the problem with a similar
approach to that followed in our paper, although presenting some inconsistencies that we shall attempt to
explain in what follows. Only the problem with inner transversal crack (with the 90 ply placed at the centre
of the laminate) will be referred to in what follows.
The ﬁrst of them, by Kim et al. (1991), presents noticeable errors in aspects associated to the Inter-
facial Fracture Mechanics background. The authors consider the delamination crack to be fully closed,
which is impossible due to the opposite directions of the locally allowed intrinsic direction of sliding
and the globally imposed direction of sliding. The eﬀect of this erroneous assumption, and consequently
of using the Comninou asymptotic series solution (in their boundary collocation method) for the problem
under consideration can be seen in the positive normal tensions obtained in the contact zone close to the
crack tip.
In a second work by Kim and Im (1993) the above mentioned erroneous results were corrected, providing
reasonable numerical results for ERR (Energy Release Rate) and fracture mode mixity dependence on the
delamination crack length for relatively large crack lengths. Their results for ERR are clearly incorrect for
small delamination crack lengths as they do not follow the correct asymptotic behaviour. The authors provide
only an extremely concise discussion of the results obtained; in particular they do not give any mechanical
reasons for the small opening zone observed at the delamination-crack tip.
Chen and Yang (1996) although citing both formerly referenced works by Im and co-workers, compared
their FEM results with those by Kim et al. (1991), presenting even more inconsistent results, from a mechan-
ical point of view, for fully closed delamination crack, with singular compressions at the delamination crack
tip, where in fact an opening zone takes place.
Finally, Kondo and Yoshida (1999) solved the problem by FEM with special crack tip elements including
oscillatory solution. They presented only stress solution ahead of the delamination crack tip, with a distribu-
tion of the normal stresses not representing correctly the complicated behaviour of the normal stresses ahead
of the tip, a distribution that will be presented later on in the present paper. The values of the evolution of
ERR are reasonable only for relatively large delamination lengths.
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The objective of the present study is to analyse the stress state at the tip of the transverse crack in the 90 ply
perpendicular to and terminating at the interface with 0 ply and at the tip of the delamination cracks for dif-
ferent lengths of these cracks. The singular character of the stress state components will be studied in order to
determine the crack propagation mode and the associated SIFs. This is the ﬁrst step to establish appropriate
criteria based on Interfacial Fracture Mechanics to predict the appearance and growth of this type of damage
in composite materials.
The length of the delamination crack, oriented parallel to the load direction, may cause contact between the
crack faces, not necessarily reaching the crack tip. This fact obviously forces the use of an algorithm allowing
the contact, thus, preventing an inter-penetration between the unbonded parts of plies. The Boundary Element
Method (BEM) (Parı´s and Can˜as, 1997) appears to be the most adequate numerical tool to solve this kind of
problem. In the present work a simple linear elastic model of a laminate will be applied. Each ply will be mod-
elled, considering it from a macroscopic point of view, as a homogeneous orthotropic material subjected to a
generalized plane strain state. The interface along its bonded part will be considered as a perfect interface.
2. BEM for orthotropic bodies in contact
It is clear from the results presented in the paper that the dimensions of the opening zones (in particular the
‘‘bubble’’ adjacent to the crack tip) and of the contact zones can be very small when compared to ply thick-
nesses. To develop an accurate FEM solution would require such a reﬁned mesh that it would have been a very
tedious task. To give some idea, elements of 1010 mm in length have been required to be able to reproduce
correctly, without oscillations, the evolutions of the variables under study. This problem appears due to the
need to model adequately the singular crack-tip stress ﬁeld in conﬁgurations where a very small bubble and
a contact zone must exist. The BEM is ideal for modelling such problems, as very small boundary elements
can be used, and singularities are more easily modelled by boundary elements. The approach is feasible, as
shown by the high quality results given in the paper.
2.1. BEM for a generalized plane strain state in orthotropic bodies
Consider a cylindrical homogeneous orthotropic linear elastic body D  R3 with straight parallel lateral
surfaces and a constant transverse section X  R2 with a ﬁnite and piecewise smooth boundary C = oX.
Let the orthotropy axes of the material be parallel to the coordinate axes of the Cartesian coordinate system
(x,y,z), and let the z-axis be parallel to the cylinder axis. The strain-stress law written in the contracted Voigt
notation (Ting, 1996) takes the form: rI = cIJeJ and eI = sIJrJ (I,J = 1, . . ., 6), where cIJ and sIJ, respectively,
represent the stiﬀness and compliance matrices of the material. Let the body be subjected to loads and restric-
tions such that they produce a solution satisfying the following conditions:rij ¼ rijðx; yÞ and eij ¼ eijðx; yÞ with ezz ¼ constant; i; j ¼ x; y; z: ð1Þ
This solution, which is a particular one of the generalized plane problem studied by Bla´zquez et al. (2006), is
referred to in the composites community as generalized plane strain state, the term which will be adopted
hereinafter.
As the in-plane and anti-plane deformations are uncoupled, the strain-stress law for in-plane deformations
can be expressed as:exx
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CA; s0IJ ¼ sIJ  sI3s3Js33 ; ð2Þwhere s0IJ are the reduced elastic compliances.
Applying the concept of the Airy stress function and using (2) the strain compatibility equation yields the
following characteristic equation of an orthotropic material, Lekhnitskii (1938):
1636 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662l4ðpÞ ¼ s011p4 þ ð2s012 þ s066Þp2 þ s022 ¼ 0; ð3Þ
whose complex conjugate roots pa and pa (a = 1,2) are expressed aspa ¼
s þ isþﬃﬃﬃﬃﬃﬃﬃﬃ
2s011
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q
: ð4ÞDue to the fact that s+ is always positive (it follows from the positive deﬁniteness of strain energy), the
imaginary part of pa can always be taken as positive, Im pa > 0. A particular class of orthotropic materials
with s = 0 and consequently p1 = p2 = p are called mathematically degenerate materials (Group D), Ting
(1996), and will be treated separately from the mathematically non-degenerate materials (Group ND) with dis-
tinct roots pa. From the point of view of applications to 0/90 laminates the most important cases of mathe-
matically degenerate materials are transversely isotropic materials with the z-axis being the rotational
symmetry axis.
The BEM formulation for the generalized plane strain problem in orthotropic materials used in this work
was developed by Bla´zquez et al. (2006) starting from the previous works by Manticˇ and Parı´s (1995, 1998,
2004) and A´vila et al. (1997).
The eﬀect of a prescribed and constant ezz is taken into account through a priori known tractions tai :tai ðyÞ ¼ raijðyÞnjðyÞ ¼ Cij33ezznjðyÞ; ð5Þ
given in terms of the fourth rank tensor of the elastic stiﬀnesses Cijkl, or more explicitlyta1ðyÞ ¼ c13n1ðyÞezz; ta2ðyÞ ¼ c23n2ðyÞezz: ð6Þ
The BEM code is based on a collocation solution of the Somigliana identity using continuous linear ele-
ments (Parı´s and Can˜as, 1997). In absence of body forces, the Somigliana identity for the generalized plane
strain problem adopts the following form for x 2 C:CikðxÞuiðxÞ þ p:v:
Z
C
T ikðy; xÞuiðyÞdsy ¼
Z
C
Uikðy xÞðtiðyÞ  tai ðyÞÞdsy; i; j ¼ 1; 2: ð7ÞExplicit expressions of the strongly and weakly singular integral kernels Uik and Tik, respectively, given by
the fundamental solution in displacements and tractions at y due to a concentrated force applied at x in an
inﬁnite orthotropic medium, and an explicit expression of the coeﬃcient tensor of the free term Cik are pre-
sented in Appendix A using the Lekhnitskii–Stroh complex variable formalism of anisotropic elasticity (Ting,
1996).
Discretizing the boundary C by boundary elements and applying (7) at a suﬃcient number of points x (col-
location points) the following system of equations is obtained:Hu ¼ GtGta; ð8Þ
where the matrix H is formed by the sum of the integrals of the tractions of the fundamental solution Tik times
the displacement shape functions along each element of C plus the free term coeﬃcient (for collocation points
on the element considered). The matrix G is formed by the sum of the integrals of the displacements of the
fundamental solution Uik times the traction shape functions along each element of C. u is a vector that groups
the displacements of the nodes of the body and t is a vector that groups the traction vector components of the
nodes of the body.
The BEM code developed is written in FORTRAN language. Linear continuous elements are used (Parı´s
and Can˜as, 1997). Nodes are placed at the geometric extremes of the elements. One collocation point, which is
placed coincident with the node, is used at nodes where the boundary is smooth. Two collocation points,
which are placed inside the adjacent elements (0.1 times the length of the corresponding element), are used
at corner nodes where required (Parı´s and Can˜as, 1997). If the distance from the collocation point to the centre
of the element is smaller than three times the element size, then integrations are performed analytically, other-
wise integrations are performed numerically with four Gauss points. The coeﬃcient tensor of the free term is
computed analytically. Traction and displacement boundary conditions are imposed directly on the system
reducing the number of equations and unknowns. The system of equations is solved using LINPACK library.
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An advanced approach to the solution of contact problems by BEM was developed by Bla´zquez et al.
(1998). It is implemented in the BEM code used in the present work, and permits the modelling of con-
tact zones and bonded interface zones by non-conforming meshes imposing contact condition at contact
zones and interface conditions at bonded interface zones using a weak approach. The fundamental ideas
are brieﬂy described in what follows, where, because of the presence of friction, variables must be inter-
preted incrementally. The nodes that belong to the candidate contact zone can be divided into three
groups: nodes that in the actual increment are free of contact, nodes that are in adhesion (they are in
contact and no relative sliding is permitted) and nodes that are sliding (they are in contact and relative
sliding is permitted).
• The compatibility conditions are applied to only one of the solids, which will be called solid A (the other
solid will be called solid B). To this end, two ﬁelds of displacements (one in the domain and the other along
the boundary, coinciding with the displacements of the other solid, solid B, in the candidate contact or
interface zone) are deﬁned on solid A, two new unknowns (the relative separation and sliding between
the solids) appearing at the nodes of this solid. The compatibility conditions between these two ﬁelds
are imposed by means of the Theorem of Virtual Force. It aﬀords a system of compatibility equations along
the contact zone in the form:MAAuA þMAAdA þMABuB ¼ 0; ð9Þ
whereMKL (K, L = A, B) is a matrix whose terms are integrals of the products of the shape functions of the
element in the contact zone of the solid K times the shape functions of the elements of the contact zone of
the solid L; uK (K = A,B) is a vector that groups the displacements at each node of solid K; dA is a vector
that groups the nodal relative displacements of the contact zone at each node of solid A. In this way, dis-
placements of the nodes of solid A can be expressed in terms of displacements of the nodes of solid B and
the separations and slidings between the solids. This condition is a global condition between the candidate
zones to contact and it is independent of the situation of the nodes (free, adhesion or sliding).
• The equilibrium conditions are imposed on solid B. In an analogous form, two ﬁelds of stresses are deﬁned
for solid B (one in the domain and the other along the boundary, coinciding with the tractions of the other
solid, solid A, in the candidate contact or interface zone). The equilibrium conditions are imposed by
means of the Theorem of Virtual Displacement. It aﬀords a system of equilibrium equations along the con-
tact zone in the form:
BA A BB BM t M t ¼ 0; ð10Þ
with a similar meaning of the matrices as in (9); tK (K = A,B) is a vector that groups the tractions at each
node of solid K. In this way, tractions at the nodes of solid B can be expressed in terms of tractions at the
nodes of solid A. This condition is also a global condition between the candidate zones to contact, inde-
pendent of the situation of the nodes.
• The adhesion condition implies that separation and relative sliding must equal zero. This condition is the
same as the bonding condition that must be applied at a perfectly bonded interface. HencedA ¼ 0: ð11Þ
• The sliding conditions imply that separation equals zero and the normal and tangential components of the
traction vector are related by the friction coeﬃcient l:dAn ¼ 0; ltAn ¼ jtAt j; ð12Þ
where the sub-indexes ( )n and ( )t, making reference to the normal and tangential directions to the contact sur-
face, should be understood node by node.
• Finally, in nodes belonging to the candidate contact zones that are in the actual increment free of contact,
tractions must be null,
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Note that the conditions of free of contact, adhesion and sliding are imposed only in the variables deﬁned at
nodes of solid A. This is because separation and sliding are variables deﬁned at the nodes of solid A and trac-
tions of this solid deﬁned the tractions in the contact zone through (10).3. The delamination problem in a [0/90]s laminate
3.1. Problem deﬁnition
Fig. 1 shows the problem analysed in this work, a [0/90]s laminate under tension. The ﬁrst damage in this
laminate is expected to be the nucleation and growth of a crack in the 90 ply transverse to the load. When this
crack approaches the interface with the 0 ply, it is accepted that it stops. New transverse cracks appear in the
90 ply with increasing load until the crack density reaches a critical value. Transverse matrix cracking in 90
ply leads to a load redistribution in the adjacent 0 plies and induces local stress concentrations at the neigh-
bourhood of the crack tips that, when the tips are near to the interface, can involve signiﬁcant interlaminar
delamination, Berthelot (2003).
For the case analysed in this work, material characteristics of both plies are as follows, direction 1 being
considered the ﬁbre direction: E11 = 45.6 GPa, E22 = E33 = 16.2 GPa, m12 = m13 = 0.278, m23 = 0.4,
G12 = G13 = 5.83 GPa, G23 = 5.786 GPa. These values correspond to a glass ﬁbre reinforced composite. It will
be important in the analysis of the results to take into account the diameter of the ﬁbre, which for reinforce-
ment ﬁbres is of and order of 10 lm. This value will give us a nominal length around which a micro-scale anal-
ysis should be considered. The half-thickness of the 90 ply a = 0.5 mm and the thickness of each of the 0 ply
is 0.25 mm. The ply crack separation is taken to be 2L = 4 mm.
3.2. Singular stress analysis
Two conﬁgurations of damage in the symmetric 0/90 laminate modelled as a crack will be considered here,
ﬁrst a crack in the 90 ply perpendicular to and terminating at the interface between both plies, and second a
delamination crack modelled as an interface crack between these plies resulting from deﬂection of the crack in
the 90 ply. The undamaged interface between these materials will be considered as a tough two-dimensional
object without thickness, tractions and displacements coinciding at both sides of the bonded interface part. In
the next two sections, the local singular elastic state at the crack tip is considered, assuming that the laminate is
subjected to a generalized plane strain state.Transverse
cracks
Delamination
cracks
L L L
a
a
Fig. 1. Transverse and delamination cracks in [0/90]s laminate.
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Locally the conﬁguration of a crack in the 90 ply perpendicular to and terminating at its interface with the
0 ply is shown in Fig. 2a. This conﬁguration represents a special case of multi-material corners (including any
number of homogeneous linear elastic wedges, with perfect interfaces and all basic types of homogeneous
boundary conditions, subjected to generalized plane strain conditions) covered by an eﬃcient semi-analytic
approach for corner singularity analysis developed by Barroso et al. (2003). The computer algebra code imple-
mented generates in a semi-analytic way a 3 · 3 complex valued characteristic matrix corresponding to such a
corner as a function of a parameter k. The vanishing condition for the determinant of this matrix gives the
corner characteristic equation.
Let us assume the following local asymptotic behaviour of stresses at the present crack tip described in
polar coordinates, Fig. 2a:rijðr; hÞ ¼
X
Rek<1
Kk
r
a
 k
fij;kðhÞ; ð14Þwhere k are stress singularity orders (roots of the characteristic-equation), Kk are generalized Stress Intensity
Factors (SIFs), and fij, k(h) are dimensionless angular characteristic functions of each singularity mode. Three
singularity modes for the present crack conﬁguration, Fig. 2a, have been determined by the above mentioned
code: in-plane symmetric Mode I with kI = 0.4358, in-plane anti-symmetric Mode II with kII = 0.4997 and
anti-plane Mode III with kIII = 0.5006. Notice that the singularities of the in-plane modes are weaker (or
slightly weaker), whereas that of the anti-plane mode is slightly stronger, than that of a crack in a homoge-
neous material.
Although for the purpose of the present work the obtaining of the numerical values of the stress singularity
orders is suﬃcient, the authors consider very instructive the reasoning for the results found. First, from a qual-
itative point of view, the existence of these three modes (two in-plane and one anti-plane) is in agreement with
the geometric and material symmetries of the local corner conﬁguration (a symmetry plane given by the crack
plane and the other symmetry plane being perpendicular to the crack front). In fact, due to these symmetries,
the in-plane and anti-plane solutions of a generalized plane problem, as deﬁned by Bla´zquez et al. (2006), can
be considered uncoupled.
Second, from a quantitative point of view, the relations between the values of k obtained can be explained
taking into account the relative stiﬀnesses of the plies. In particular, it is important to note that the proximity
of two values of k to 0.5 (the singularity order of an ordinary crack in a homogeneous material) is not due to
numerical errors. It is well known, at least when thinking of an isotropic bi-material and fracture Mode I, see
references given in Section 1, that when a crack propagates towards an interface with a stiﬀer material, it ﬁnds
it more diﬃcult to grow, as the stress state becomes less severe (in fact its SIF theoretically goes to zero), and
vice versa, when a crack propagates towards an interface with a softer material, it ﬁnds it easier to grow, as the
stress state becomes more severe (in fact its SIF theoretically goes to inﬁnity). As pointed out by Wu and Erdo-
gan (1993): ‘‘As the crack tip approaches the interface, since the power of singularity changes from 0.5 to k,
one would expect that the conventionally deﬁned SIF would approach either zero or inﬁnity depending on
whether k < 0.5 or k > 0.5’’.
Although explicit expressions of characteristic equations for in-plane deformations of a crack perpendicular
to and terminating at the interface between aligned orthotropic materials were already deduced one decade0º ply 90º ply 
θ
r
0º ply 90º ply 
d
0º ply 90º ply 
b
Fig. 2. Crack (a) terminated at the interface, (b) approaching the interface, (c) deﬂected at the interface.
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to the in-plane Modes I and II is known to the knowledge of the present authors (see also Wu and Erdogan,
1993). Nevertheless, considering that with reference to Mode I (Mode II), the representative stiﬀness in the 90
ply is E22 (G23) whereas in the 0 ply it is E11 (G12), it consequently appears that the large (slight) increase in the
stiﬀness associated to the fracture mode produces the large (slight) decrease in kI(kII), 0.4358 (0.4997), with
respect to the nominal value 0.5.
By contrast, with reference to the anti-plane deformations, the stiﬀnesses associated to Mode III are G12
and G23, respectively, for the 90 and 0 plies. Thus, the slight decrease in the stiﬀness associated to this frac-
ture mode produces the slight increase in kIII, 0.5006, with respect to 0.5. This reasoning is conﬁrmed by the
following explicit formula:kIII ¼ 1p arccos
ﬃﬃﬃﬃﬃﬃﬃ
G23
p  ﬃﬃﬃﬃﬃﬃﬃG12pﬃﬃﬃﬃﬃﬃﬃ
G23
p þ ﬃﬃﬃﬃﬃﬃﬃG12p ; ð15Þ
which can be obtained applying the corresponding formula for singularity exponents in scalar second-order
elliptic equations given by Manticˇ et al. (2003) to the present anti-plane problem. As follows from (15), the
ratio G12/G23 is the measure of the relative stiﬀness associated to Mode III. Moreover, the above formula ver-
iﬁes the numerically obtained value kIII = 0.5006.
In view of the purpose of the present analysis, only the symmetric Mode I, whose singularity kI is somewhat
weaker than the singularity of a crack in a homogeneous material, will be taken into account. With reference
to this mode, the authors also consider it instructive to describe in more detail the relevant implications that
the fact of having a Mode I controlled by a weak singularity has in the following two phenomena:
(i) The ﬁrst that happens before the transverse crack in 90 ply perpendicularly approaching the interface
with 0 ply reaches the interface (Fig. 2b). The value of the SIF of such a crack is expected to decrease to
zero, SIF being governed by the asymptotic law O(b0.5k) for b! 0, where b is the distance from the
crack tip to the interface, Leguillon et al. (2000) and Martin et al. (2001). In simple terms, the transverse
crack growing towards the interface is governed by a 0.5 singularity and the abrupt change to a singu-
larity of order 0.4358 must necessarily be preceded by the disappearance of the former singularity term,
which implies that the stress singularity factor associated to the 0.5 singularity must vanish.
(ii) The second that happens once the transverse crack has reached the interface and has doubly deﬂected
originating a delamination crack (Fig. 2c). The SIF modulus for incipient interface cracks is rapidly
increasing starting from the zero value, being governed by the asymptotic law O(d0.5k) for d! 0, where
d is the length of the interface crack. This asymptotic behaviour was deduced using diﬀerent approaches
by He and Hutchinson (1989), Leguillon and Sanchez-Palencia (1992) and Leguillon et al. (2000).
3.2.2. Interface crack between two orthotropic plies
Consider two homogeneous orthotropic elastic materials (denoted as 1 and 2), which are perfectly bonded
along a surface except for a debonded region referred to as an interface crack, subjected to a generalized plane
strain state, as in Fig. 3. At the interface crack both materials may separate or maintain the contact, with or
without relative sliding. The elastic variables considered in this section will refer to the local Cartesian coor-
dinate system (x 0,y 0) deﬁned at the interface crack tip and oriented as shown in Fig. 3.
Let L and S denote the real valued Barnett-Lothe tensors (Ting, 1996) of one of the orthotropic materials
considered. Then L1 and SL1 can be expressed in terms of the reduced elastic compliances, see Section 2.1,
asL1 ¼
ﬃﬃﬃ
2
p
sþ
ﬃﬃﬃﬃﬃ
s011
p
0
0
ﬃﬃﬃﬃﬃ
s022
p
 !
and SL1 ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s011s
0
22
p
þ s012Þ
0 1
1 0
 
: ð16ÞNotice that L1 is a symmetric positive deﬁnite matrix and SL1 is an anti-symmetric matrix. According to
Ting (1996) the positive deﬁnite Hermitian matrix D  iW associated to the bi-material considered is funda-
mental in characterizing elastic interface crack solutions, where
Material 1
'x
'y
1K
2K
Kψ
Material 2
r
θ
d
SIF for the 
open model 
K
Fig. 3. Interface crack problem conﬁguration.
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0 D22
 
¼ L11 þ L12 and W ¼
0 w
w 0
 
¼ S1L11  S2L12 ; ð17Þmatrices associated with each material being denoted by a subscript giving the material number. The dimen-
sionless matrixD1W ¼ 0 
w
D11
w
D22
0
 !
ð18Þis called the mismatch matrix, and the generalized Dundurs mismatch parameter b introduced by Ting (1986) is
deﬁned as:b ¼  wﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D11D22
p ; jbj < 1: ð19ÞWhen materials 1 and 2 are interchanged D1W changes its sign, and it vanishes for identical materials.
Two Fracture Mechanics approaches have been developed and are used at present for the analysis of inter-
face cracks, the open model (Williams, 1959) and the frictionless contact model (Comninou, 1977), see Manticˇ
et al. (2006) for a review of both models and further references.
In the open model, the crack faces are supposed to be traction-free in the same way as is usually supposed
for cracks in homogeneous solids. An unexpected basic aspect of the near-tip elastic solution of this model is
that for b5 0 stresses and displacements start to oscillate when the crack tip is approached. As a consequence
of these displacement oscillations, an inﬁnite number of regions where the crack faces interpenetrate is pre-
dicted by this solution. The size of the zone where these physically non-admissible interpenetrations occur
is frequently very small, sometimes of atomic or subatomic scale.
The contact model tries to overcome the above inconsistencies of the open model. In this model, allowing a
frictionless contact between the crack faces, a physically correct solution with one contact zone at the crack tip
is obtained when b5 0. Typically the extent of this contact zone is smaller than the size of the interpenetra-
tion zone in the open model.
According to Rice (1988), the actual behaviour of an interface crack depends on the size of the zones of
nonlinear material response and contact. When this size is suﬃciently small in comparison with the smallest
characteristic length of the specimen (e.g. crack length or an adjacent layer thickness), then the open linear
elastic model is adequate for interface crack growth predictions. A conﬁguration with a suﬃciently small size
of the near-tip contact zone will be referred to hereinafter, following Rice (1988), as small-scale contact (SSC)
case.
With reference to the open model, a dimensionless matrix R[c] given as a function of a complex number c,
introduced by Wu (1990):
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Re½c Im½c
ﬃﬃﬃﬃﬃ
D22
D11
q
Im½c
ﬃﬃﬃﬃﬃ
D11
D22
q
Re½c
0
B@
1
CA ð20Þwill be used in the following expressions of the near-tip elastic solutions along the interface. It can be shown
that R[1] equals the identity matrix I and R[c1]R[c2] = R[c1c2]. Notice that R[c] is in fact independent of W.
Introducing a characteristic length l, the near-tip traction vector ahead of the crack tip along the interface
can be expressed in terms of the Stress Intensity Factors (SIF) K1 and K2 asrx0y0
ry0y0
 
ðr; h ¼ 0Þ ﬃ 1ﬃﬃﬃﬃﬃﬃﬃ
2pr
p R r
l
 ie 
K for r ! 0; K ¼ K2
K1
 
; ð21Þi being the imaginary unit, and the near-tip relative displacement across the crack asDux0
Duy0
 
ðrÞ ﬃ
ﬃﬃﬃﬃﬃ
r
2p
r
2D
cosh ðpeÞR
1
1þ 2ie
r
l
 ie 
K for r ! 0; ð22Þwheree ¼ 1
2p
ln
1 b
1þ b ð23Þis the so-called oscillation index of the interface crack. According to (21) and (22), traction vector times
ﬃﬃ
r
p
and
the relative displacement vector divided by
ﬃﬃ
r
p
rotate along some elliptic paths as the crack tip is approached
for r! 0+. The axes of these ellipses are parallel to the x 0, y 0axes, and the ratio of their major and minor axes
is
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D11=D22
p
or its inverse. Expressions of the complete near-tip crack ﬁelds (at and outside of the interface)
can be found in Wu (1991a,b).
The advantage of the present deﬁnition due to Wu (1990) is that the SIF reduces, as b and e vanish, to the
classical SIF deﬁnition in homogeneous orthotropic solids, K1 and K2 being, respectively, associated to normal
and shear stresses ahead of the crack tip and also to opening and sliding between the crack faces.
The phase angle wK (p 6 wK 6 p) of the SIF, Fig. 3, as a measure of the fracture mode mixity, can be
deﬁned in a standard way bywK ¼ argðK1 þ iK2Þ or tan wK ¼
K2
K1
; ð24Þor equivalently in terms of stresses aswK ¼ argðry0y0 ðl; 0Þ þ irx0y0 ðl; 0ÞÞ or tan wK ¼
rx0y0 ðl; 0Þ
ry0y0 ðl; 0Þ : ð25ÞAs follows from (21) the SIFs K 0 and K associated with two diﬀerent reference lengths l 0 and l, respectively, are
related by:K0 ¼ R l
0
l
 ie" #
K; ð26Þwhich implies that the SIF depends on the reference length l. In fact K(l) rotates along an elliptic path with
varying l, the ratio of the major and minor axes of this ellipse also being
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D11=D22
p
or its inverse.
An important consequence of the above facts is that the fracture mode mixity measure wK is also a function
of the reference length l, although usually varying only very slowly with l.
With reference to the Comninou (1977) frictionless contact model, its generalization to orthotropic bi-mate-
rials can be found, e.g. in Wu and Hwang (1990) and Wu (1992), see Manticˇ et al. (2006) for other references.
Due to the presence of a near-tip contact, no fracture Mode I SIF arises ahead of the crack tip, the interface
crack growing in Mode II exclusively. Stresses in the contact model are square root singular, although, when
b5 0, the basic features of the near-tip stress states are very diﬀerent from those known for the homogeneous
case: shear stresses ahead of the crack tip and compressions at the contact zone are singular, and both normal
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Furthermore, the near-tip singular elastic state is uni-parametric, being governed by one multiplicative con-
stant represented by the fracture Mode II SIF KCII . Singular tractions acting along the interface at the crack
tip are expressed asrx0y0 ðr; 0Þ ﬃ K
C
IIﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; ry0y0 ðr;pÞ ﬃ  bK
C
IIﬃﬃﬃﬃﬃﬃﬃ
2pr
p 6 0; for r ! 0: ð27ÞAn important consequence of the inequality in (27), implied by a requirement of near-tip compressive stres-
ses between crack faces, is thatbKCII P 0: ð28Þ
Therefore, the sign of KCII depends only on the parameter b, being independent of the far-ﬁeld load direc-
tion. Hence, for a particular bi-material, relations between values of singular stresses are independent of the
far-ﬁeld load conﬁguration.
The near-tip relative slip between the crack faces is expressed as:Dux0 ðrÞ ¼ ux0 ðr; h ¼ pÞ  ux0 ðr; h ¼ pÞ ﬃ 2D11K
C
II
cosh2 ðpeÞ
ﬃﬃﬃﬃﬃ
r
2p
r
for r ! 0; ð29Þthe only allowed direction of the near-tip relative slip being then deﬁned by the relation bDux0 ðrÞP 0 for
r! 0.
In order to apply some of the existing knowledge for isotropic to orthotropic bi-materials, it is nec-
essary to mention that Wu and Hwang (1990) proved the existence of a correspondence between solu-
tions of the contact model for an interface crack in an orthotropic and an isotropic bi-material.
Through this correspondence, the SIF and the sizes of the contact zones associated to an interface crack
in an orthotropic bi-material can be obtained from these quantities for an equivalent interface crack
problem in an isotropic bi-material.
Thus, in the context of an isotropic bi-material, with reference to a priori unknown near-tip contact zone
extent rc, Hills and Barber (1993) showed that the ratio between the rc and the interpenetration zone size ri can
be approximated by a function that does not vary too much with e, in the case where both zones are suﬃ-
ciently small in comparison with the characteristic length of problem, ratio rc/ri being about 0.55 for |e| up
to 0.1. All this can be summarized by the fact that the knowledge of rc allows us to estimate ri and vice versa.
This will be used later on.
Going back to inequality (28), a striking consequence of this relation is that the local singular elastic
solution has for a bi-material system the same shape independently of the far-ﬁeld loading. Therefore, the
near-tip slip can be performed in one direction only, which depends on the sign of b. When the global
imposed shear loading agrees with this intrinsically allowed slip direction a relatively large near-tip contact
zone may take place. However, when the applied global load tends to originate slip opposite to the
allowed near-tip slip direction, only a very small contact zone, typically of subatomic size, appears in
the analytic solution at this tip (sliding in the locally allowed direction) with an adjacent gap, sometimes
referred to as a ‘‘bubble’’ (with the crack faces sliding in the direction imposed by the load), Fig. 4. The
slope of the relative normal displacements in the interface near the microscopic contact zone is very large.
This behaviour of an interface crack solution was ﬁrst studied by Comninou and Schmueser (1979) and
Gautesen and Dundurs (1988) for interface cracks between two half-planes, and further discussed by
Leguillon (1999) and Audoly (2000). As a consequence, asymptotic singular solution of the contact model
in presence of the ‘‘bubble’’ extremely close to the crack tip becomes physically meaningless, such situa-
tions deﬁnitely fulﬁll SSC conditions, no near-tip contact zone is observable in experiments and, thus, the
locally open model is the appropriate one, in spite of its local inconsistencies, for the analysis and predic-
tions of crack behaviour in such situations.
With reference to a delamination crack in the present 0/90 laminate subjected to a generalized plane strain
state, the values of the above deﬁned magnitudes characterizing bi-material properties of this laminate are:
D11 = 1.89 · 104 MPa1, D22 = 2.27 · 104 MPa1, w = 8.93 · 106 MPa1, b = 0.0431 and e = 0.0137.
Local sliding 
direction
Material 1 
Compliant
'x
'y
Material 2 
Stiff
External
load
External
load
“Bubble”
rc
Global sliding 
direction
Fig. 4. Intrinsically non-allowed slip direction near a closed interface crack tip.
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of the contact zone at the crack tip and the crack opening zone (‘‘bubble’’) for the case analysed in the present
work can be roughly estimated by the extent of these zones in the case of a ﬁnite interface crack in an isotropic
bi-material under combined normal and shear far-ﬁeld stresses. An approximate and an exact solution of this
problem, respectively, were obtained by Comninou and Schmueser (1979) and Gautesen and Dundurs (1988).
According to these solutions, the contact zones at both crack tips are separated by an intermediate zone of
a crack opening. The eﬀect of shear is that a large contact zone is produced at one crack tip and a small one at
the other crack tip, the extent of the smaller contact zone being even smaller than that produced under a pure
tension load. The maximum value of the extent of the small contact zone in the case of pure shear far-ﬁeld
stresses is about 108 of the crack length, the value corresponding to b = 0.5. The extent of this contact zone
for b = 0.0431 is extremely small for pure shear and for all combinations of normal and shear far-ﬁeld stres-
ses considered by Gautesen and Dundurs (1988): about 1070 or less of the crack length.
In the case of some far-ﬁeld compressions combined with shear stresses the extent of the large contact zone
increases with increasing ratio of compressions and can achieve almost the length of the crack for small values
of b. The above facts imply that the extent of the opening zone (‘‘bubble’’) is diminishing with increasing com-
pressions and can be relatively small for small values of b.
As a conclusion from the above mentioned analytical results for the problem studied in the present work, it
can be stated that the extent of the contact zone at the crack tip can be expected to be extremely small (of
subatomic size) and then non-detectable even with ﬁne BEM meshes. Nevertheless, a crack opening zone
(always present at ﬁnite interface cracks in the above analytic studies), which may be followed by a contact
zone of large extent, can be expected to be detected with ﬁne BEM meshes because its extent is not so extre-
mely small. To summarize the above facts, on one hand the open model is the suitable one to characterize the
present delamination crack growth, but on the other hand the BEM code used must be able to detect possible
appearance of a large scale contact zone not adjacent to the crack tip.
All the knowledge described in this section is absolutely necessary to design appropriate BEM meshes to
obtain representative values of the stress state and deformed shape. Otherwise, completely useless results could
be obtained.3.3. BEM model of the delamination problem
A 2D model has been analysed for evaluating the stress distributions in the case of cross-ply laminates con-
taining delamination originating from the tips of transverse cracks. The model assumes that delamination
develops at each crack tip simultaneously and with the same length, and then a specimen with a length equal
to the distance between transverse cracks, 2L in Fig. 1, will be analysed. It contains a single transverse crack
and its corresponding delamination cracks, and constitutes the elementary cell for the analysis, Matthews et al.
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Fig. 5. (a) Problem analysed, (b) a boundary element mesh.
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of the elementary cell, can be used.
Symmetry conditions are directly applied imposing zero normal displacement and tangential traction. The
load is deﬁned by a nominal displacement, unom = 0.02 mm, imposed at the top side, which implies a nominal
longitudinal strain, eyy = 0.01. The crack transverse to the load in the 90 ply is modelled by traction-free
boundary conditions.
Generalized plane strain state has been assumed in both plies, with ezz = 0.001258. This value has been
determined using Laminate Theory for the undamaged laminate (no crack). The approach used for the con-
sideration of this strain state is that developed in Bla´zquez et al. (2006) and summarized in Section 2.1.
First, a case with a perpendicular crack terminating at the interface and without any delamination crack
(d = 0, problem P1) is analysed. Then, two cases with diﬀerent delamination crack lengths (d = 0.1 L and
d = 0.5 L, problems P2 and P3, respectively) are analysed.
Most of the results presented in this work correspond to a model where the eﬀect of friction at possible
contact zones that can appear between both faces of delamination crack is not considered. Nevertheless, some
cases with friction, to illustrate its role, have been solved.
In order to model the elastic state at the neighbourhood of the crack tip with a high accuracy, the minimum
size of the boundary elements placed there has been of an order of 109 mm. Going away from these tip ele-
ments, the size increases geometrically by a factor of two (every element is twice the previous element) up to
about an element size of 0.1 mm. A typical mesh like that shown in Fig. 5b has about 130 elements (and nodes)
for every ply, between 80 and 90 elements being placed at the ply interface.
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First of all the deformed shape of the laminate under the same loading (constraint) corresponding to the
three cases analysed in detail in this paper (P1: d = 0, P2: d/L = 0.1 and P3: d/L = 0.5), are shown in
Fig. 6, with the purpose of becoming familiar with the problem under consideration in each case. The displace-
ments are scaled for this representation by a factor of 5.
4.1. Transverse crack terminating at the interface
Results obtained for the problem P1 (d/L = 0) of a crack perpendicular to the load and terminating at the
interface are shown in Figs. 7–9. Distributions of stresses rxx, ryy (for both plies) and rxy, normalized with
rnom, which corresponds to the average longitudinal stress ryy in the undamaged laminate (rnom = 261 MPa),
are presented along the interface between both plies. It has to be pointed out that the accuracy of the approx-
imation of the stress component ryy obtained, evaluated in a post-processing procedure using tangential deriv-
ative of displacements and normal tractions (Parı´s and Can˜as, 1997), can be considered slightly lower than
that of the other stress components, which appear directly as variables of the BEM formulation applied.
As can be observed in Figs. 7–9, all three stress tensor components appear to have a singular character, as
was explained in Section 3.2.1.
The distribution and the sign of the shear stress (rxy), Fig. 9, is easy to understand due to the presence of the
singularity and the direction of the applied load. Something similar happens with the distribution of the lon-
gitudinal normal stress (ryy), Fig. 8, for both plies, as the 0 ply is stiﬀer than the 90 ply in the direction of the
applied load, the necessary stresses to reach the same deformation in both plies are such that the stresses must
be greater in the 0 ply.
The most complicated distribution of stresses along the interface between the two plies is that correspond-
ing to rxx. To understand it, let us note that with reference to the 90 ply, the longitudinal stresses (ryy) are
zero along the faces of the transverse crack and increase (becoming tensile) when we move away from it, then
becoming more uniform across the ply thickness, Berthelot (2003). Consequently, the transverse shortening
due to the Poisson eﬀect is more accused far from the transverse crack (at the top part of the specimen,
Fig. 5a) than close to it. Thus, it is expected that tension normal to the interface will be found at the top part
of the specimen, and compression at the bottom part, although far enough from the crack, as appears in
Fig. 7. Near the crack, the stress state is very complicated, being governed by the singular term of the asymp-
totic expansion of the solution (14) obtained from the general theory of multi-material corners, Barroso et al.
(2003).P1 d = 0. P2 d/L = 0.1 P3 d/L = 0.5 
Fig. 6. Deformed shapes for the P1, P2 and P3 problems.
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Fig. 9. Tangential traction along the interface for the P1 problem (d = 0).
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that appears at the neighbourhood of the transverse crack, the singularity parameters of this state are calcu-
lated from the numerical results and compared with those expected from the analytical predictions.
Results of a post-processing of the stress solution obtained at nodes near the crack tip (Fig. 2a), by an appli-
cation of linear regression in log–log scale for 12 nodes placed between r = 9.5 · 109 mm to
r = 2.0 · 105 mm, appear in Table 1. k denotes the order of the stress singularity, Kfij(h) denotes the coeﬃ-
cients of the singular term associated to the direction h, fij(h)/fyy(0) denotes the ratios of these coeﬃcients with
respect to that associated to the normal stress ahead of the crack tip and ﬁnally R2 denotes the correlation
coeﬃcient (0 6 R2 6 1).
Table 1
Singularity parameters in the P1 problem (crack terminating at the interface)
Stress component k Kfij(h) fij(h)/fyy(0) R
2
h ¼ p2 rxx 0.4423 37.351 0.26960 1.0000
ryy (90 ply) 0.4404 78.024 0.56319 1.0000
ryy (0 ply) 0.4395 158.65 1.1452 1.0000
rxy 0.4424 30.863 0.22277 1.0000
h = 0 ryy (0 ply) 0.4396 138.54 1 1.0000
rxy 0.4409 86.144 0.62180 1.0000
1648 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662Comparing the numerical value of k with the analytical one, k = 0.4358, the error is 1.5% or less.
The ratios fij(h)/fyy(h = 0) for two positions: h = 90 (at the interface between 0 and 90 plies) and
h = 0 (ahead of the crack tip), h being deﬁned in Fig. 2a, have been represented in Fig. 10. Notice that
for the case of h = 90 there are two stress tensors (and consequently two set of values of fij), one cor-
responding to the 0 ply and the other corresponding to the 90 ply. One has been represented at the top
and the other at the bottom of the crack tip, in the corresponding ply, just for the sake of clarity. The
assignation of the top and bottom positions is irrelevant due to the symmetry of the problem. Notice
that, in any case, the components of the stress tensor associated to the interface are, due to equilibrium,
identical at both sides of the interface. In Fig. 10a appear the values obtained by the procedure used here
and they are compared, Fig. 10b, with the corresponding values of the characteristic functions fij,k(h) in
(14), evaluated by a semi-analytic code (Barroso et al., 2003).
Notice that the values represented in Fig. 10 also represent ratios between stresses at a ﬁxed small distance
to the crack due to the linear dependence of rij on fij by means of Kr
k.
The singularity behaviour of the stresses obtained by the present BEM model (for all stress components)
agrees very well with the analytical one, and errors for the stress ratios are less than 10%. The agreement
obtained between BEM and analytical results corroborates the high accuracy of the BEM results presented
at the neighbourhood of the crack tip.4.2. Delamination cracks
4.2.1. Case d/L = 0.1
Results for the P2 problem of a short delamination crack (d/L = 0.1) are shown in Figs. 11–13 for the fric-
tionless case. These results seem, at ﬁrst sight, to be diﬃcult to understand, basically due to the three following
reasons:90º ply 0º ply 0.565
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Fig. 10. Components of the normalized stress tensor for the transverse crack terminating at the interface: (a) using BEM, (b) Barroso et al.
(2003).
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Fig. 11. Normal traction along the interface for the P2 problem (d/L = 0.1).
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Fig. 13. Tangential traction along the interface for the P2 problem (d/L = 0.1).
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1649• Along the bonded part of the interface and at the neighbourhood of the interface crack tip very high and
localized values of normal stresses rxx are obtained, which apparently have singular character. It is worth
observing that these values correspond to tension, while this region is embedded, in this case, in a zone
where nominal stresses (considering only the transverse crack) are given, see Fig. 7, by compression.
• In agreement with the distribution of stresses rxx at the neighbourhood of the interface crack tip, where, as
can be observed in Fig. 14, there is a zone with zero stresses, a separation of boundaries of both plies
appears. This separation can be clearly seen in Fig. 15 where gaps between crack surfaces are shown,
and in Fig. 16 where the displacements normal to the interface are plotted. The morphology of this kind
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Fig. 14. Normal traction along the interface for the P2 problem (d/L = 0.1) close to the delamination crack tip.
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Fig. 16. Deformed shape (normal displacements) at the neighbourhood of the crack tip.
1650 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662of ‘‘bubble’’, which is generated at the interface crack tip, is absolutely similar to that predicted by the semi-
analytical studies of interface cracks between isotropic materials carried out by Comninou and Schmueser
(1979) and Gautesen and Dundurs (1988), see Section 3.2.2.
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1651• Analytically a contact zone between the interface crack faces is predicted at the crack tip, this contact zone
not being detected in BEM analysis. In Section 3.2.2 an estimation of this contact zone indicates that it
would be extremely small, of subatomic size. Due to this fact no contact zone is detected at the crack
tip in the present numerical analysis (a presence of this zone would be indicated by pressures in distribution
of rxx at the crack tip). Consequently, singular distributions of rxx, ryy and rxy have been obtained, which
is in agreement with an open character of the crack. Recall that in the contact model of interface cracks rxx
is bounded, although possibly achieving a very high value, whereas rxy is singular, in the bonded zone
ahead of the crack tip.
Several authors tried to compute in the past the complicated behaviour of stresses near the delamination
crack tip presented here. Nevertheless, due to erroneously having taken the crack tip as closed (Kim et al.,
1991; Chen and Yang, 1996), or due apparently to the insuﬃciently reﬁned FEM mesh used (Kondo and Yos-
hida, 1999), they were not able to capture this behaviour thoroughly. In this sense, for example, with reference
to Fig. 11, Kim et al. (1991) obtained positive tensions and Chen and Yang (1996) singular compressions along
the delaminated part of the interface adjacent to the crack tip, whereas the complicated behaviour of the nor-
mal stresses ahead of the crack tip was oversimpliﬁed in the solution presented by Kondo and Yoshida (1999).
The singular stress state ﬁeld at the neighbourhood of the interface crack in the case under consideration
was described in Section 3.2.2. Once the distributions of the displacements and the stresses are known, the SIF
K can be calculated by means of the relative displacements between the faces of the crack, by using (22):K2 ¼ lim
r!0
ﬃﬃﬃﬃﬃ
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; ð31Þwhere dn and dt represent, respectively, the separations and relative sliding between the faces of the crack, or
by means of the stresses along the interface ahead of the crack tip, by using (21):K2 ¼ lim
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; ð33Þwhere r and s represent, respectively, the normal and tangential stresses along the interface. The value of the
reference length has been taken l = 0.01 mm.
The values of the components of the SIF obtained in the two ways indicated are represented in Fig. 17 as a
function of r, allowing the value of K to be calculated when r! 0. The values are presented in a dimensionless
form, dividing them by K0 ¼ rnom
ﬃﬃﬃﬃﬃ
pa
p
, a being the semi-width of the 90 ply (see Fig. 1).
As can be appreciated in Fig. 17, the values of K1 and K2 remain constant for distances r < 0.001 d,
except for those corresponding to a few nodes (5 or 6) closest to the crack tip. This fact, well known
in numerical methods, is due to the lack of capability of the linear elements used to represent adequately
the singular distribution of the stresses. Taking a representative value (for instance that associated to a
position located at 1.5 · 107 mm from the tip which corresponds to the tenth node from the tip in the
BEM model), the values presented in Table 2, where the phase angle wK, see (24) and (25), is also
included, are obtained.
As can be observed comparing the results obtained for K1 and K2, or having a look at the phase index, wK,
the conditions at the crack tip correspond to a dominant mode II with some compressions ahead of the crack
tip as the sign of K1 indicates.
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Fig. 17. Values of the components of the SIF obtained using: (a) the displacements of the crack faces, (b) the stresses along the interface.
Table 2
Singularity characteristics in the P2 problem (short delamination crack, d/L = 0.1), l = 0
K1/K0 K2/K0 wK
From dn and dt 0.012173 0.25462 92.737
From r and s 0.011933 0.24781 92.757
1652 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662All the results shown so far correspond to the frictionless case. The same geometry will now be studied with
a friction coeﬃcient of value l = 0.3 in order to investigate the inﬂuence of the presence of friction. Fig. 18
shows the distribution of normal and tangential stresses at the neighbourhood of the crack tip, for the cases
considered, with and without friction.
The only remarkable diﬀerence between the presence or not of friction is the appearance of tangential stres-
ses along the contact zone between the faces of the delamination crack, relatively far from the crack tip, con-
sequently not aﬀecting too much the singular stress state, whose characteristics are shown in Table 3 for
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Fig. 18. Normal and tangential tractions along the interface for l = 0 and l = 0.3.
Table 3
Singularity characteristics in the P2 problem (short delamination crack, d/L = 0.1), l = 0.3
K1/K0 K2/K0 wK
From dn and dt 0.011995 0.24505 92.802
From r and s 0.011748 0.23848 92.820
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1653Comparing in the present case the results of Tables 2 and 3, the presence of friction seems to cause a slight
decrease in the values of the SIFs (of an order of 4%), the fracture mode mixity not experiencing any change.
These variations are due to the partial transmission of the load (by a small amount) by the tangential stresses
of the contact zone, decreasing the nominal load that the crack tip suﬀers, the friction then having a slightly
beneﬁcial eﬀect. It has to be mentioned that if a Comninou contact zone adjacent to the crack tip had been
detected, the friction would then have important eﬀects on the singular stress state.
Fig. 19 shows the separations and relative slidings between the crack faces for the cases l = 0 and l = 0.3.
It can be seen how the friction causes a decrease in the relative slidings (something to be expected) but also in
the separations between the faces. All this is in conjunction with a decrease in the severity of the singular stress
ﬁeld.
With reference to the bubble size, the distribution of the separations shown in Fig. 19a seems to indicate
that the size decreases, although the discrete character of the boundary forces both sizes to be identical. This
obviously indicates that the discretization used is not ﬁne enough for the purpose of estimating the bubble size.
A simple procedure, shown schematically in Fig. 20 can be used to improve signiﬁcantly the prediction of the
bubble size. Independently of the discretization carried out, there will always be a transition element, one of
whose extremes will represent separation and zero stresses (position denoted by smin), the other extreme (posi-
tion denoted by smax) representing a compressive normal stress and zero separation. The ﬁner the mesh, the
smaller the diﬀerence between smax and smin, and then the smaller the interval where the exact size sexact can be
placed. An estimate, sb, of this value sexact, can be reached extrapolating the results of the separations obtained
in the element adjacent to the zone free of contact (this procedure, as shown in Fig. 20, underestimates the
bubble size). In this way, the bubble size for the case l = 0.3 proves to be 0.00275 mm, smaller (by approx-0.E+00
1.E-04
2.E-04
3.E-04
0 0.01 0.02 0.03
r/d
δ n
/u
n
o
m
 = 2 mm
μ  = 0
μ  = 0.3
0.E+00
1.E-02
2.E-02
3.E-02
4.E-02
5.E-02
0 0.01 0.02 0.03
r/d
δ t
/u
n
o
m
L
L
 = 2 mm
μ  = 0
μ  = 0.3
Fig. 19. Relative displacements for l = 0 and l = 0.3 (a) gaps (b) relative sliding.
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1654 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662imately 8%) than the one obtained using the same procedure for the case l = 0, which proves to be
0.00299 mm.
All the results found for the friction case then indicate that the presence of friction does not have a sub-
stantial inﬂuence on the problem under consideration. Thus, in what follows, only the frictionless case will
be studied.4.2.2. Case d/L = 0.5
Results obtained by BEM solution for the P3 problem (d/L = 0.5) are shown in Figs. 21–25. In this case the
crack tip is placed at the zone where nominal stresses, rxx, are tensile, see Fig. 7. The most outstanding fact in-0.2
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Fig. 21. Normal traction along the interface for the P3 problem (d/L = 0.5).
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Fig. 22. Longitudinal traction along the interface for the P3 problem (d/L = 0.5).
-1
-0.8
-0.6
-0.4
-0.2
0
0 0.2 0.4 0.6 0.8 1
y/L
σ
x
y/ σ
n
o
m
L  = 2 mm
Fig. 23. Tangential traction along the interface for the P3 problem (d/L = 0.5).
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Fig. 24. Normal traction along the interface for the P3 problem (d/L = 0.5) close to the delamination crack tip.
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Fig. 25. Gap between the crack faces for the P3 problem (d/L = 0.5).
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1655these results is that locally they are very similar to those obtained in the solution of the P2 problem, where,
however, nominal stresses, rxx, are compressive. This diﬀerence in the nominal stresses at the crack tip
explains why the size of the ‘‘bubble’’ at the interface crack tip and also the separation between crack faces
are larger in the P3 problem than in P2. In contrast, maximum values in compression of rxx are lower in
P3 than in P2, which is in agreement with the larger contact zone in the P3 problem. In any case, comments
given with reference to the results for the problem P2 are valid for P3 as well.
Singularity parameters are obtained in the same way as explained before and are given in Table 4. A detail
of the distribution of stresses rxx at the neighbourhood of the crack tip is shown in Fig. 24. The form of the
‘‘bubble’’ generated at the crack tip is shown in Fig. 25. A clear similarity can be observed between results
presented in Tables 2 and Figs. 14 and 15 with those in Table 4 and Figs. 24 and 25.
4.3. Characterization of the evolution of the delamination crack
Now that the numerical results corresponding to two particular cases (P2 and P3) have been obtained and
checked, it is instructive to analyse the evolution of the singular parameters of the delamination crack for
increasing lengths.Table 4
Singularity parameters for the P3 problem (large delamination crack, d/L = 0.5)
K1/K0 K2/K0 wK
From dn and dt 0.002242 0.19253 90.667
From r and s 0.001999 0.18736 90.611
1656 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662Fig. 26 shows the evolution of the singularity parameters at the tip of the delamination crack, as a function
of its length. The results are normalized dividing them by K0.
The SIF component K2 grows till reaching a maximum value, starting then to decrease. K1 presents a more
complicated evolution. It grows very rapidly for small delamination lengths. It reaches the maximum value for
d/L ﬃ 0.0005. Then, it starts to decrease, also rapidly, reaching values close to zero for sizes d/LP 0.05.
The main characteristic of the evolution of the SIF modulus |K| is the local minimum that appears for
delamination lengths d/L ﬃ 0.015. For d/LP 0.05 the curves of |K| and K2 almost coincide due to the small
values of K1. The fracture mode mixity measure, wK = arctan K2/K1, is approximately constant and close to
90 for d/LP 0.1.
It is of interest, with a view to predicting the evolution of the delamination cracks in composites, to perform
a detailed study of the evolution of the SIFs from small (d/L! 0) to large (d/L! 1) delamination lengths.
With reference to small delaminations, d  0, the modulus of the traction vector behaves according to
O(r0.5), for r! 0, see (21). By contrast, at the limit, d = 0, the modulus of the traction vector behaves accord-
ing to O(r0.4358), for r! 0. Consequently, due to the fact that r0.5 r0.4358 (for r! 0), necessarily |K|! 0
when d! 0, see Section 3.2.1 for further discussion and references.
Something similar happens for large delamination sizes. The limit state would consist of the total separa-
tion of the plies, the 0 plies being those supporting the entire load, whereas the 90 ply moves as a rigid body.
There is no singularity in this limit state and consequently the singular term must disappear: |K|! 0 when
d! L. Notice that the situation would be completely diﬀerent if instead of a nominal longitudinal strain,
as here, a nominal longitudinal stress were imposed at the top side.
Both conclusions are corroborated by the numerical results obtained. Those associated with large delam-
inations can be seen clearly in Fig. 26, whereas to observe the detail corresponding to small delaminations (the
smallest size of delaminations analysed is d/L = 0.000005) the results are shown in Fig. 27a, and in Fig. 27b on
a log–log scale.
It is in any case illustrative, giving at the same time conﬁdence in the numerical results obtained, to study
the evolution of the SIFs near the two limit situations under consideration. In accordance with the theoretical
analysis presented in references given in Section 3.2.1, the tendency of the results ought to be of the type Ki/
K0  Axc, x being x = d/L for small sizes, and x being x = 1  d/L for large sizes. The exponent c takes the
value c = 0.5  k, k being the corresponding order of the stress singularity in the limit conﬁguration. For the
case d = 0, the results are shown in logarithmic scale in Fig. 27b. It can be easily checked that for small enough
values of d the numerical results follow the evolution predicted by the theoretical analysis. In this case, due to
the fact that the limit situation is that of a crack terminating at the interface (k = 0.4358), the exponent of the
asymptotic evolution ought to be c = 0.0642. For the case d = L the limit situation does not lead to a singu-
larity, c = 0.5 being expected. Performing a regression analysis with the values for the four conﬁgurations clos-
est to both limit situations (d = 0 and L), the data shown at Table 5 are obtained.-0.1
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Table 5
Asymptotic expansion parameters for the SIFs at the two limits of the delamination crack (d = 0, d = L)
K1/K0 K2/K0 |K|/K0
A c A c A c
d = 0 0.2814 0.0537 0.2009 0.0394 0.3438 0.0478
d = L   0.3851 0.4987 0.385 0.4985
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1657For the case d = 0, the relative diﬀerences in the exponent c with respect to the theoretical value (0.0642)
proves to be 16% for K1, 39% for K2 and 26% for |K|, diﬀerences that can be considered acceptable considering
ﬁrst the very small value of the theoretical result and second the complexity of modelling cases with very small
values of d/L.
For the case d = L, the relative diﬀerences for the case of |K| are 0.3%. The results for K1 are not presented
due to its extremely small value.
Once the results obtained have been carefully discussed, it is pertinent to refer to the results obtained by
other authors with reference to ERR, which is directly related to the values of K represented in Figs. 26
and 27. Although both Kim and Im (1993) as Kondo and Yoshida (1999) obtained reasonable distributions
of ERR for moderately large delamination cracks, they are not able to capture the complicated behaviour for
small delamination cracks obtained here.
To conclude this study, the evolution of the separations and relative slidings of the bubble are shown for
diﬀerent sizes of the delamination crack in Figs. 28 and 29. The results, normalized by the nominal longitu-
dinal displacements (unom = 0.02 mm), are shown by a discontinuous line, and are compared with those, rep-
resented by a continuous line, obtained from the ﬁrst singular term of the open model solution (22), using the
numerically computed SIF K.0
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Fig. 30. Evolution of the estimated bubble size with the delamination crack size.
1658 A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662It can be observed in Figs. 28 and 29 that the greater the size of the delamination, the greater the size of the
bubble and the greater the magnitude of the separations and the relative slidings, although these seem not to
increase for delaminations d/LP 0.5. Comparison with the theoretical results corresponding to the open
model enables the approximate size to be determined of the zone where the singular term is dominant. This
zone increases when the delamination increases, and it is signiﬁcantly greater for the relative sliding than for
the separations (r/d ﬃ 0.02 for the ﬁrst and r/d ﬃ 0.0002 for the second). It has to be pointed out that the size
of the Comninou contact zone is extremely small, of subatomic size, the zone of inﬂuence of the singular term
of the contact model being even smaller. Thus, the singular solution of the open model (although presenting
oscillations and interpenetrations) proves to be useful when describing from a practical point of view the solu-
tion of these problems (except for extremely small distances).
The graphs of Fig. 28 suggest also the possibility of using the open model even to predict the size of the
bubble in an approximate way. To appreciate better the change in the size of the bubble with the size of
the delamination, the relation between both values is presented in Fig. 30. The procedure introduced in
Fig. 20 to estimate the size of the bubble has been used, the interval of error being associated with smax
and smin values. For delamination sizes d/L < 0.06 the whole crack remains open, no bubble then appearing.
On the other hand, the size of the bubble grows with the delamination, it being more noticeable for sizes
d/LP 0.7.5. Conclusions and further developments
A numerical study of the stress state at the neighbourhood of the cracks that characterize the damage which
appears in a [0/90]S laminate has been carried out. Two steps of the damage have been studied. In the ﬁrst
A. Bla´zquez et al. / International Journal of Solids and Structures 45 (2008) 1632–1662 1659there is a transverse crack in the 90 ply that has reached the interface with the 0 ply, whereas in the second
step it has been considered that this crack, once the interface has been reached, has continued along growing
the interface between the two plies, then appearing as a delamination crack.
The BEM has proved to be a very suitable and accurate tool to deal with the problem under consideration.
Due to the nature of the problem studied, involving cracks with diﬀerent orders of singularity and with dif-
ferent sizes of the zone controlled by the singular term of the solution, the use of regular linear elements
has proved to be very eﬃcient when dealing with all the situations found, being very accurate in the estimation
of the Fracture Mechanics parameters.
With reference to the transverse crack, the results obtained show an excellent agreement with the analytical
predictions of the order of the stress singularity and permit the distribution of the inter-laminar stresses in
absence of delamination to be calculated accurately.
With reference to the delamination crack, the above mentioned knowledge has enabled the study of two
cases, with the crack tip at areas of nominal tension and compression for the interfacial normal stresses. In
both cases the complicated stress states numerically obtained have been compared, when possible, with the
predictions aﬀorded both by the open and by the contact models of Interfacial Fracture Mechanics. It has been
observed that the local form of the stress distribution at the inter-laminar crack tip is independent of the loca-
tion of the crack tip, as expected from the analytical studies. Due to the impossibility of capturing (due to its
subatomic character) the extremely small contact zone that, following analytical studies, should appear at the
crack tip, the distributions of normal and tangential stresses in the bonded interface region agree with those
predicted by the open model. This justiﬁes the use of results based on this model, in spite of the presence of
interpenetrations and oscillations in the stresses, in the theoretical solution.
The presence of friction between the faces of the delamination crack has been shown to produce no signif-
icant alterations in the stress state, although both stresses and displacements, and consequently the SIFs and
the magnitude of the bubble at the end of the contact zone, decrease in presence of friction.
It has to be mentioned that the aim of the paper was to contribute to the knowledge of the stress state in
order to help in clarifying the mechanism of damage (transversal cracking and delamination) in an actual lam-
inate. However, due to the meso-model employed which has not taken into account the micro structure of the
materials (the authors believe it is adequate for the problem under consideration), the problem studied has
gone on to become a structural problem and the conclusions obtained can be extended to diﬀerent problems
such as that of beds of sediments in soil, for instance.
Once great conﬁdence in the obtained results has been reached, the next step will be the calculation of
Energy Release Rate, to correlate its evolution with the crack length and load conditions (ﬁxed grip or con-
stant load), and subsequent identiﬁcation of periods of stable and unstable crack growth. An extension of this
paper will also be the inclusion of the curing stresses in the aforementioned calculations.Acknowledgments
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ti-material corners.Appendix A. The fundamental solutions and the coeﬃcient tensor of the free term in the Somigliana identity for
orthotropic materials in generalized plane strain state
The following explicit and compact expression of the fundamental solution for displacements and tractions
in orthotropic materials of any kind subjected to a generalized plane strain state, can be obtained by partic-
ularizing the corresponding expressions for anisotropic materials introduced in Manticˇ and Parı´s (2004), see
also Manticˇ et al. (2006):
Group ND (mathematically non-degenerate materials)
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P2
a¼1
1
pij2a
AiaAka log zaðy xÞ
	 

;
T ikðy; xÞ ¼ Re
P2
a¼1
1
pij2a
BiaBjaAkaz1a ðy xÞ
	 

njðyÞ;
ðA1Þwhere use has been made of the outward unit normal vector nj(y) deﬁned at y 2 C, complex variables
za (x) = x1 + pax2, complex matrices of material parametersA ¼ issþ  0:5s
0
66 ðissþ þ 0:5s066Þ
p1ðissþ þ 0:5s066Þ p2ðissþ  0:5s066Þ
 
; B ¼ p1 p2
1 1
 
; ðA2Þand complex normalization coeﬃcients j2a ¼ 	4issþpa 6¼ 0.
Group D (mathematically degenerate materials)Uikðy xÞ ¼ Re
P2
a;b¼1
1
pij2 AiaAkbGabðy xÞ
( )
T ikðy; xÞ ¼ Re
P2
a;b;c¼1
1
pij2 BiaBjbAkcGab;cðy xÞ
( )
njðyÞ
ðA3Þwhere use has been made of the complex matrix functionsGðxÞ ¼ zðxÞzðxÞ
1 log zðxÞ
log zðxÞ 0
 !
; G;1ðxÞ ¼ zðxÞzðxÞ
2 zðxÞ1
zðxÞ1 0
 !
; G;2ðxÞ ¼ zðxÞ
1 0
0 0
 !
;
ðA4Þ
complex conjugated variables z(x) = x1 + px2 and zðxÞ ¼ x1 þ px2, complex matrices of material parametersA ¼ 0:5s
0
66 2s
2
þ  0:5s066
0:5ps066 pð2s2þ  0:5s066Þ
 !
; B ¼ p p
1 1
 
; ðA5Þand complex normalization coeﬃcient j2 ¼ 4s2þp 6¼ 0.
Let x 2 C so that the coeﬃcient tensor of the free term Cik(x) = 0.5dik for x situated on a smooth part of C,
whereas for a corner point x the following expressions were introduced by Manticˇ and Parı´s (2004):Group ND CikðxÞ ¼ Re
X2
a¼1
1
pij2a
BiaAka log
zaðrð1ÞÞ
zaðrð2ÞÞ
( )
; ðA6Þ
Group D CikðxÞ ¼ Re
X2
a;b¼1
1
pij2
BiaAkbGabðrðeÞÞ
( )
1
2
; ðA7Þwhere r(e) (e = 1,2) are the two unit tangential vectors to C with their origin at x, see Manticˇ and Parı´s (1995).
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